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Abstract
Morris & Thorne [12] proposed geometrical objects called traversable wormholes that act
as bridges in connecting two spacetimes or two different points of the same spacetime. The
geometrical properties of these wormholes depend upon the choice of the shape function. In
literature, these are studied in modified gravities for different types of shape functions. In
this paper, the traversable wormholes having shape function b(r) = r0 tanh(r)tanh(r0) are explored
in f(R) gravity with f(R) = R + αRm − βR−n, where α, β, m and n are real constants.
For different values of constants in function f(R), the analysis is done in various cases. In
each case, the energy conditions, equation of state parameter and anisotropic parameter are
determined.
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1 Introduction
Wormholes are hypothetical structures in space-time that connects two distinct universes is called
inter-universe wormholes or two different regions of the same space-time in the same universe is
called intra-universe wormholes. The difference between these two classes of wormhole ascends only
at the global level of geometry and global level of topology. Near the throat of the wormholes local
physics is oblivious to issues of intra-universal or inter-universal travel. Flamm [1] first studied
wormhole type solutions. Then Einstein-Rosen carried out the study of these geometrical objects
and obtained a solution which is known as Einstein-Rosen bridge [2]. The word wormhole was
first introduced by Misner and Wheeler [3]. They showed that wormholes cannot be traversable
for standard matter due to its instability. Ellis [4] and Bronnikov [5] first assumed an example
of wormhole belonging to the Morris Thorne class and the corresponding solution is known as
Ellis-Bronnikov wormhole. Later on, this wormhole was found to be instable [6–11]. The interest
in the study of wormholes started with the work of Morris and Thorne [12]. They provided some
conditions for a wormhole to be traversable. They showed that the presence of exotic matter,
matter different from the normal matter, is necessary for the existence of traversable wormholes.
The word “traversable” is used here to indicate that a human could travel through the wormhole
within a reasonable amount of time. Therefore, event horizons should not be present in the system
for the existence of traversable wormholes, if event horizon present, then it should be out of the
way so that the traveler does not have to cross it. Morris et al. [13] showed that the wormhole
structure in space-time, developed for interstellar travel, can be transformed into time-machine.
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The exotic matter includes the violation of null energy condition. The stress energy distribution is
certainly abnormal at the throat of a wormhole. In a wormhole, when a bunch of converging radial
light rays enters, then it reaches at the wormhole throat and at this point it losses null convergence
condition. It becomes parallel at the throat of wormhole and then enters into the other side and
diverges. Thus, the null convergence condition is not satisfied at throat [14] and hence the null
energy condition is also not satisfied, in general relativity. Eventually, the matter near the throat
of the wormhole does not satisfy the null energy condition. Also, some negative energy density may
be observed, somewhere near the throat of the wormhole. As a result, other energy conditions are
also violated [15, 16]. But this violation of energy conditions is not necessary in modified theories
of gravity because the function in gravitational action is different than the function in GR and
hence the formed field equations are completely different. Therefore, this demands investigation
of wormhole structure and null energy conditions in alternate theories.
Among various alternate theories developed in literature, f(R) theory of gravity is one that
generalizes the Einstien’s theory of general relativity. It includes an arbitrary function f(R) of
Ricci scalar R in gravitational action in place of function equal to R. This theory have been studied
in various aspects [17–51]. The exploration of wormhole solutions has become an important aspect
of study and various cosmologists have paid their attention and provided a good utilization of f(R)
theory. Lemos et al. [52] reviewed wormhole literature, analyzed Morris and Thorne metric in the
presence of cosmological constant and studied properties of traversable wormholes. Rahaman et
al. [53] considered the cosmological constant as a function of radial coordinate, obtained wormhole
solutions and determined a condition for averaged null energy condition to be small. Lobo and
Oliveira [54] investigated the existence of wormholes in the framework of f(R) theory of gravity.
Garcia and Lobo [55] assumed coupling between a function of scalar curvature and Lagrangian
density of matter and studied wormholes in the context of modified gravity. They used linear and
non-minimal coupling between curvature and matter and obtained an exact solution. Duplessis
and Easson [56] used pure, scale-free R2 gravity and obtained exotic solutions of traversable worm-
hole and black hole. Bahamonde et al. [57] analysed wormhole solutions in modified (R) gravity.
They used the equation of state for matter and radiation filled universes and obtained a wormhole
structure approaching to FLRW universe asymptotically. Wang and Meng [58] considering worm-
holes in bulk viscosity determined wormhole solutions, studied the factors upon which the value
of traversal velocity depends and found the conditions for the violation of null energy condition.
Moradpour [59] studied traversable wormholes in general relativity. He also studied wormhole
geometry in Lyra manifold and obtained some traversable wormholes which are asymptotically
flat. Zubair et al. [60] used f(R, φ) gravity for the examination of symmetric, spherical and static
wormhole solutions. They considered three types of fluids and analyzed the energy conditions.
They obtained constraints for the validation of weak and null energy conditions and showed a
possibility for the construction of realistic wormhole structures. Shaikh [61] obtained wormhole
solutions in Eddington-inspired Born-Infeld gravity and found the existence of the matter which
is non-exotic in nature and satisfies the energy conditions. Barros and Lobo [62] showed that the
wormhole geometries can be supported with the use of three-form fields. They also found the
validation of weak and null energy conditions due to presence of these fields. Peter [63] used the
framework of f(R) gravity for the investigation of traversable wormholes. He determined sev-
eral wormhole solutions with respect to various shape functions, then he also derived the f(R)
functions. He showed that the combine effect of non-commutative geometry and f(R) gravity
leads to violation of null energy condition. Many other cosmologists have also made their signifi-
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cant contribution in the study of wormholes [64–79]. Recently, Godani and Samanta [51] studied
traversable wormhole in f(R) gravity with two different shape function. In this paper, we would
like to investigate the traversable wormhole in f(R) gravity with hyperbolic shape function, where
f(R) = R+ αRm − βR−n (α, β, m and n are real constants) [80]. The motivation of this paper is
to investigate the existence of the traversable wormhole without violation of energy conditions for
different values of α, β, m and n.
The paper is organized in the following manner. In Sec-2, the Einstein’s field equations are
given for static traversable wormholes in f(R) gravity. In Sec-3, wormhole solutions in f(R) model
are obtained with a hyperbolic shape function. In Sec-4, the results are discussed. Finally, in Sec-5,
the work is concluded.
2 Traversable Wormhole & Equations
The metric defining the wormhole structure is
ds2 = −e2Φ(r)dt2 + dr
2
1− b(r)/r + r
2(dθ2 + sin2 θ2φ2), (1)
which is a spherically symmetric static metric. The range of the coordinate r is −∞ to ∞. The
redshift function Φ(r) must be constant everywhere for traversable wormhole. The function Φ(r)
is responsible for the determination of gravitational redshift, hence it is called redshift function.
The two asymptotically flat regions are assumed to be occur at r ≈ ±∞. The wormhole solutions
must satisfy Einstein’s field equations and must possess a throat that joins two regions of universe
which are asymptotically flat. For a traversable wormhole, event horizon should not be present
and the effect of tidal gravitational forces should be very small on a traveler.
The functions Φ(r) and b(r) are the functions of radial coordinate r, which is a non-decreasing
function. Its minimum value is r0, radius of the throat, and maximum value is +∞. The function
b(r) is responsible for the shape of wormhole, hence it is known as shape function. The existence of
wormhole solutions demands the satisfaction of following conditions: (i) b(r0) = r0, (ii)
b(r)−b′(r)r
b2
>
0, (iii) b′(r0) − 1 ≤ 0, (iv) b(r)r < 1 for r > r0 and (v) b(r)r → 0 as r → ∞. For simplicity, the
redshift function is assumed as a constant.
Morris & Thorne [12] introduced traversable wormholes using the background of Einstein’s
general theory of relativity. The f(R) theory of gravity generalizes Einstein’s theory of relativity
by replacing the gravitational action R with a general function f(R) of R. Thus, this action for
f(R) theory is given as
SG =
1
2k
∫
[f(R) + Lm]
√−gd4x, (2)
where k = 8piG, Lm and g stand for the matter Lagrangian density and the determinant of the
metric gµν respectively. For simplicity k is taken as unity.
Variation of Eq.(2) with respect to the metric gµν gives the field equations as
FRµν − 1
2
fgµν − OµOνF +Fgµν = Tmµν , (3)
3
where Rµν and R denote Ricci tensor and curvature scalar respectively and F =
df
dR
. The contrac-
tion of 3, gives
FR− 2f + 3F = T, (4)
where T = T µµ is the trace of the stress energy tensor.
From Eqs. 3 & 4, the effective field equation is obtained as
Gµν ≡ Rµν − 1
2
Rgµν = T
eff
µν , (5)
where T effµν = T
c
µν + T
m
µν/F and T
c
µν =
1
F
[OµOνF − 14gµν(FR +F + T )]. The energy momentum
tensor for the matter source of the wormholes is Tµν =
∂Lm
∂gµν
, which is defined as
Tµν = (ρ+ pt)uµuν − ptgµν + (pr − pt)XµXν , (6)
such that
uµuµ = −1 and XµXµ = 1, (7)
where ρ, pt and pr stand for the energy density, tangential pressure and radial pressure respec-
tively.
The Ricci scalar R given by R = 2b
′(r)
r2
and Einstein’s field equations for the metric 1 in f(R)
gravity are obtained as:
ρ =
Fb′(r)
r2
−H (8)
pr = −b(r)F
r3
−
(
1− b(r)
r
)[
F ′′ +
F ′(rb′(r)− b(r))
2r2
(
1− b(r)
r
) ]+H (9)
pt =
F (b(r)− rb′(r))
2r3
− F
′
r
(
1− b(r)
r
)
+H, (10)
where H = 1
4
(FR+F +T ) and prime upon a function denotes the derivative of that function
with respect to radial coordinate r.
The equation of state parameter in terms of radial pressure is also called radial state parameter
and is defined as
w =
pr
ρ
. (11)
The mass function is defined as
m =
∫ r
r0
4pir2ρdr. (12)
For radial pressure pr and tangential pressure pt, the anisotropy parameter is defined as
4 = pt − pr. (13)
The geometry is attractive or repulsive in nature according as 4 is negative or positive. If
4 = 0 , then the geometry has an isotropic pressure.
Embedding diagrams can be used to signify a wormhole and we can get some useful information
about the choice of the shape function b(r). For the embedding of a two dimensional surface in a
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three dimensional Euclidean space, without loss of generality one may consider an equilateral slice
θ = pi
2
. For a fixed moment of time i. e. t is constant, the line element 1, becomes
ds2 =
1
1− b(r)
r
dr2 + r2dφ2 (14)
To envisage this, one can embeds this metric into 3-dimensional Euclidean space, whose metric
can be written in cartesian and cylindrical coordinates as follows
ds2 = dx2 + dy2 + dz2, (15)
ds2 = dr2 + r2dφ2 + dz2. (16)
For an axially symmetric embeded surface z will be a function of radial coordinate r only. There-
fore, from Eq. 16,
ds2 = (1 + (
dz
dr
)2)dr2 + r2dφ2. (17)
From Equations 14 and 17, we can have the equation for embedding surface, defined by
dz
dr
= ±
( r
b(r)
− 1
)−1/2
(18)
For the existence of a wormhole solution, the geometry follows minimum radius at the throat i. e.
r = b(r) = r0 and the embedded surface is vertical i. e.
dz
dr
→ ∞. The outside space which is far
from the mouth of the wormhole is asymptotically flat. For the upper part of the wormhole z > 0,
the proper radial distance can be defined as
l(r) =
∫ r
r0
(
r − b(r)
r
)− 1
2
dr. (19)
Similarly, For the lower part of the wormhole z < 0, the proper radial distance can be defined as
l(r) = −
∫ r
r0
(
r − b(r)
r
)− 1
2
dr. (20)
We can also verify that the function r−b(r)
r
must be greater than zero for the existence of proper
distance. This implies that the shape function b(r) must satisfies b(r)
r
< 1. This fact plays
an important role in constructing a specific type of wormhole solutions. The throat flares out
condition is necessary for the solution of the wormhole. Mathematically, this flaring out condition
needs that the inverse of the embedding function r(z) must satisfy d
2r
dz2
> 0 near the throat r0.
The energy conditions play an important role for the existence of a traversable wormhole.
The null energy condition is violated over the finite range near the throat of the wormhole. This
automatically implies violations of the weak, strong and dominate energy conditions at least in
this same range. Thus, the throat of the wormhole must be filled with exotic matter.
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3 Wormhole Solutions in f (R) Model
Nojiri and Odintsov [80] introduced an f(R) model, unifying early times inflation and present
cosmic acceleration, with the function f(R) = R − α
(R−λ1)n + β(R − λ2)m. Defining the auxiliary
fields P and Q, the action can be written as:
S =
1
κ2
∫ √−g[Q(R− P ) + f(P )]d4x. (21)
Taking the variation with respect to P , Q = f ′(P ), which can be evaluated for P as P = g(Q).
Then action in Eq. (21) takes the form
S =
1
κ2
∫ √−g[Q(R− g(Q)) + f(g(Q))]d4x. (22)
Using Q = f ′(P ),
S =
1
κ2
∫ √−g[f ′(P )(R− P ) + f(P )]. (23)
Considering conformal transformation gµν → eσgµν , d-dimensional scalar curvature is transformed
as
R(d) → e−σ
(
R(d) − (d− 1)σ − (d− 1)(d− 2)
4
gµν∂µσ∂νσ
)
. (24)
For d = 4, taking σ = − ln f ′(P ), the action (23) comes out to be
SE =
1
k2
∫ √−g[R− 3
2
(
f ′′(P )
f ′(P )
)2
gρσ∂ρP∂σP − Pf
′(P )− f(P )
f ′(P )2
]
d4x. (25)
For σ = − ln(f ′(P )) = − lnQ, the action is
SE =
1
κ2
∫ √−g[R− 3
2
gρσ∂ρσ∂σσ −Q1(σ)
]
d4x, (26)
where Q1(σ) = e
σg(e−σ)− e2σf(g(e−σ)) = Pf ′(P )−f(P )
f ′(P )2 . As a particular choice of the function f(R),
Nojiri and Odintsov [80] considered the form
f(R) = R− α
(R− λ1)n + β(R− λ2)
m, (27)
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where α, β,m and n are positive real numbers.
In this work, the f(R) model defined by Nojiri and Odintsov [80] is taken in the following form:
f(R) = R + αRm − βR−n, (28)
where α, β,m and n are positive constants. As the curvature increases, the term R−n vanishes and
the term Rm dominates that shows the evolution of inflation at early times. the value of curva-
ture decreases, the term Rm vanishes and the term R−n dominate and represents the production
of present acceleration. Cao et al. [81] considered this form of f(R) for the exploration of the
probabilities of late time acceleration in the framework of FRW universe. They used state finder
diagnostic for models undertaken and found the best fit models to have evolution from decelerat-
ing stage to accelerating stage. Moradpour [59] studied traversable wormholes in the background
of general relativity and Lyra manifold. He investigated the energy conditions using the shape
function
b(r) =
r0 tanh(r)
tanh(r0)
. (29)
Here, this shape function is taken into account to obtain the wormhole solutions. The energy
density, radial and tangential pressures obtained from Eqs. 8-10 are as follows:
ρ =
1
4r2r0
[
− 22−n cosh2(r)(2r tanh(r) + 1) tanh(r0)(r − r0 tanh(r) coth(r0))
×
(
r0sech
2(r) coth(r0)
r
)−n(
α(m− 1)m (−2m+n)(r0sech2(r) coth(r0)
r
)m+n
+ βn2
+ βn)− 2−nr0(2r tanh(r) + 1)(r − sinh(r) cosh(r))
(
r0sech
2(r) coth(r0)
r
)−n
×
(
α(m− 1)m (−2m+n)(r0sech2(r) coth(r0)
r
)m+n
+ βn2 + βn
)
− 2rr0 (α2mmr
×
(
r0sech
2(r) coth(r0)
r
)m
+ β2−nnr
(
r0sech
2(r) coth(r0)
r
)−n
+ 2r0sech
2(r) coth(r0)
)
+ 2r0
(
α2mmr
(
r0sech
2(r) coth(r0)
r
)m
+ β2−nnr
(
r0sech
2(r) coth(r0)
r
)−n
+ 2r0sech
2(r)
× coth(r0)) + 2rr0
(
α2mr
(
r0sech
2(r) coth(r0)
r
)m
− β2−nr
(
r0sech
2(r) coth(r0)
r
)−n
+ 2r0sech
2(r) coth(r0)
)
+ α2m+2(1−m)m tanh(r0)
(
cosh2(r) + r(−2r + sinh(2r) + r cosh(2r)))
× (r − r0 tanh(r) coth(r0))
(
r0sech
2(r) coth(r0)
r
)m
+ α2m+1(m− 2)(m− 1)m tanh(r0)(2r sinh(r)
+ cosh(r))2(r0 tanh(r) coth(r0)− r)
(
r0sech
2(r) coth(r0)
r
)m
+ β22−nn(n+ 1) tanh(r0)
(
cosh2(r)
7
+ cosh(r))2(r0 tanh(r) coth(r0)− r)
(
r0sech
2(r) coth(r0)
r
)m
+ β22−nn(n+ 1) tanh(r0)
(
cosh2(r)
+ r(−2r + sinh(2r) + r cosh(2r))) (r − r0 tanh(r) coth(r0))
(
r0sech
2(r) coth(r0)
r
)−n
+ β21−nn(n+ 1)(n+ 2) tanh(r0)(2r sinh(r) + cosh(r))2(r0 tanh(r) coth(r0)− r)
×
(
r0sech
2(r) coth(r0)
r
)−n ]
(30)
pr =
1
r3r0
[
2−n−1
(
r0sech
2(r) coth(r0)
r
)−n(
r0
(
αm2r2m+n sinh(2r)
(
r0sech
2(r) coth(r0)
r
)m+n
− 4r2 sinh2(r)
(
α(m− 1)m (−2m+n)(r0sech2(r) coth(r0)
r
)m+n
+ βn2 + βn
)
− αr32m+n
×
(
r0sech
2(r) coth(r0)
r
)m+n
+ αmr32m+n
(
r0sech
2(r) coth(r0)
r
)m+n
+ βnr3 − 2n+1r0
× tanh(r) coth(r0)
(
r0sech
2(r) coth(r0)
r
)n
+ βr3
)
+ 2r2 cosh2(r) tanh(r0) (α(m− 1)m
× (−2m+n)(r0sech2(r) coth(r0)
r
)m+n
+ βn2 + βn
)
+ r sinh(r) cosh(r) tanh(r0)
(
4r2
×
(
α(m− 1)m (−2m+n)(r0sech2(r) coth(r0)
r
)m+n
+ βn2 + βn
)
− r0 coth(r0)
(
3αm2m+n
×
(
r0sech
2(r) coth(r0)
r
)m+n
+ 2βn2 + 3βn
)))]
(31)
pt =
1
4r3r0
[
2−nr tanh(r0)
(
r0sech
2(r) coth(r0)
r
)−n (
sinh(r) cosh(r)
(
4r2
(
αm
(
2m2 − 5m
+ 3) 2m+n
(
r0sech
2(r) coth(r0)
r
)m+n
+ 2βn3 + 5βn2
)
− r0 coth(r0)
(−5αm22m+n
+
(
r0sech
2(r) coth(r0)
r
)m+n
+ 2βn3 + 5βn2 + 2βn
))
− r0 coth(r0)
(
r
(
αm22m+n
×
(
r0sech
2(r) coth(r0)
r
)m+n
+ 2r tanh(r)
(
α(m− 1)m (−2m+n)(r0sech2(r) coth(r0)
r
)m+n
+ βn2 + βn
)
+ αr2m+n+1
(
r0sech
2(r) coth(r0)
r
)m+n
− αmr2m+n+1
(
r0sech
2(r) coth(r0)
r
)m+n
8
− βn2 − 2βnr − 2βr)+ 2r sinh2(r)(αm (4m2 − 11m+ 7) 2m+n(r0sech2(r) coth(r0)
r
)m+n
+ 4r tanh(r)
(
α(m− 1)2m2m+n
(
r0sech
2(r) coth(r0)
r
)m+n
+ βn3 + 2βn2 + βn
)
+ 4βn3
+ 11βn2 + 7βn
)
+ αm
(
m2 + 1
)
2m+n sinh(2r)
(
r0sech
2(r) coth(r0)
r
)m+n)
+ 4r2 (r
×
(
2 sinh2(r)
(
α(m− 1)2m2m+n
(
r0sech
2(r) coth(r0)
r
)m+n
+ βn3 + 2βn2 + βn
)
+ α(m− 1)m
× (−2m+n)(r0sech2(r) coth(r0)
r
)m+n
+ βn2 + βn
)
+ 3βn sinh(r) cosh(r)
)
+ 2r cosh2(r)
×
(
α(m− 1)2m2m+n
(
r0sech
2(r) coth(r0)
r
)m+n
+ βn3 + 2βn2 + βn
))
+ r0
2(sinh(2r)− 2r)sech2(r) coth(r0)
]
(32)
Using Equations 30-32, the null energy condition terms ρ+ pr & ρ+ pt and the dominated energy
condition terms ρ− |pr| & ρ− |pt| are obtained as:
ρ+ pr =
1
4r2r0
[
− 22−n cosh2(r)(2r tanh(r) + 1) tanh(r0)(r − r0 tanh(r) coth(r0))
×
(
r0sech
2(r) coth(r0)
r
)−n(
α(m− 1)m (−2m+n)(r0sech2(r) coth(r0)
r
)m+n
+ βn2
+ βn)− 2−nr0(2r tanh(r) + 1)(r − sinh(r) cosh(r))
(
r0sech
2(r) coth(r0)
r
)−n
×
(
α(m− 1)m (−2m+n)(r0sech2(r) coth(r0)
r
)m+n
+ βn2 + βn
)
− 2rr0 (α2mmr
×
(
r0sech
2(r) coth(r0)
r
)m
+ β2−nnr
(
r0sech
2(r) coth(r0)
r
)−n
+ 2r0sech
2(r) coth(r0)
)
+ 2r0
(
α2mmr
(
r0sech
2(r) coth(r0)
r
)m
+ β2−nnr
(
r0sech
2(r) coth(r0)
r
)−n
+ 2r0sech
2(r)
× coth(r0)) + 2rr0
(
α2mr
(
r0sech
2(r) coth(r0)
r
)m
− β2−nr
(
r0sech
2(r) coth(r0)
r
)−n
+ 2r0sech
2(r) coth(r0)
)
+ α2m+2(1−m)m tanh(r0)
(
cosh2(r) + r(−2r + sinh(2r)
9
+ +r cosh(2r))) (r − r0 tanh(r) coth(r0))
(
r0sech
2(r) coth(r0)
r
)m
+ α2m+1(m− 2)
× (m− 1)m tanh(r0)(2r sinh(r) + cosh(r))2(r0 tanh(r) coth(r0)− r)
(
r0sech
2(r) coth(r0)
r
)m
+ β22−nn(n+ 1) tanh(r0)
(
cosh2(r) + r(−2r + sinh(2r) + r cosh(2r))) (r − r0 tanh(r)
× coth(r0))
(
r0sech
2(r) coth(r0)
r
)−n
+ β21−nn(n+ 1)(n+ 2) tanh(r0)(2r sinh(r)
+ cosh(r))2(r0 tanh(r) coth(r0)− r)
(
r0sech
2(r) coth(r0)
r
)−n ]
+
1
r3r0
[
2−n−1
(
r0sech
2(r) coth(r0)
r
)−n(
r0
(
αm2r2m+n sinh(2r)
(
r0sech
2(r) coth(r0)
r
)m+n
− 4r2 sinh2(r)
(
α(m− 1)m (−2m+n)(r0sech2(r) coth(r0)
r
)m+n
+ βn2 + βn
)
− αr32m+n
×
(
r0sech
2(r) coth(r0)
r
)m+n
+ αmr32m+n
(
r0sech
2(r) coth(r0)
r
)m+n
+ βnr3 − 2n+1r0
× tanh(r) coth(r0)
(
r0sech
2(r) coth(r0)
r
)n
+ βr3
)
+ 2r2 cosh2(r) tanh(r0) (α(m− 1)m
× (−2m+n)(r0sech2(r) coth(r0)
r
)m+n
+ βn2 + βn
)
+ r sinh(r) cosh(r) tanh(r0)
(
4r2
×
(
α(m− 1)m (−2m+n)(r0sech2(r) coth(r0)
r
)m+n
+ βn2 + βn
)
− r0 coth(r0)
(
3αm2m+n
×
(
r0sech
2(r) coth(r0)
r
)m+n
+ 2βn2 + 3βn
)))]
(33)
ρ+ pt =
1
4r2r0
[
− 22−n cosh2(r)(2r tanh(r) + 1) tanh(r0)(r − r0 tanh(r) coth(r0))
×
(
r0sech
2(r) coth(r0)
r
)−n(
α(m− 1)m (−2m+n)(r0sech2(r) coth(r0)
r
)m+n
+ βn2
+ βn)− 2−nr0(2r tanh(r) + 1)(r − sinh(r) cosh(r))
(
r0sech
2(r) coth(r0)
r
)−n
×
(
α(m− 1)m (−2m+n)(r0sech2(r) coth(r0)
r
)m+n
+ βn2 + βn
)
− 2rr0 (α2mmr
×
(
r0sech
2(r) coth(r0)
r
)m
+ β2−nnr
(
r0sech
2(r) coth(r0)
r
)−n
+ 2r0sech
2(r) coth(r0)
)
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+ 2r0
(
α2mmr
(
r0sech
2(r) coth(r0)
r
)m
+ β2−nnr
(
r0sech
2(r) coth(r0)
r
)−n
+ 2r0sech
2(r)
× coth(r0)) + 2rr0
(
α2mr
(
r0sech
2(r) coth(r0)
r
)m
− β2−nr
(
r0sech
2(r) coth(r0)
r
)−n
+ 2r0sech
2(r) coth(r0)
)
+ α2m+2(1−m)m tanh(r0)
(
cosh2(r) + r(−2r + sinh(2r) + r cosh(2r)))
× (r − r0 tanh(r) coth(r0))
(
r0sech
2(r) coth(r0)
r
)m
+ α2m+1(m− 2)(m− 1)m tanh(r0)(2r sinh(r)
+ cosh(r))2(r0 tanh(r) coth(r0)− r)
(
r0sech
2(r) coth(r0)
r
)m
+ β22−nn(n+ 1) tanh(r0)
(
cosh2(r)
+ r(−2r + sinh(2r) + r cosh(2r))) (r − r0 tanh(r) coth(r0))
(
r0sech
2(r) coth(r0)
r
)−n
+ β21−nn(n+ 1)(n+ 2) tanh(r0)(2r sinh(r) + cosh(r))2(r0 tanh(r) coth(r0)− r)
×
(
r0sech
2(r) coth(r0)
r
)−n ]
+
1
4r3r0
[
2−nr tanh(r0)
(
r0sech
2(r) coth(r0)
r
)−n (
sinh(r) cosh(r)
(
4r2
(
αm
(
2m2 − 5m
+ 3) 2m+n
(
r0sech
2(r) coth(r0)
r
)m+n
+ 2βn3 + 5βn2
)
− r0 coth(r0)
(−5αm22m+n
+
(
r0sech
2(r) coth(r0)
r
)m+n
+ 2βn3 + 5βn2 + 2βn
))
− r0 coth(r0)
(
r
(
αm22m+n
×
(
r0sech
2(r) coth(r0)
r
)m+n
+ 2r tanh(r)
(
α(m− 1)m (−2m+n)(r0sech2(r) coth(r0)
r
)m+n
+ βn2 + βn
)
+ αr2m+n+1
(
r0sech
2(r) coth(r0)
r
)m+n
− αmr2m+n+1
(
r0sech
2(r) coth(r0)
r
)m+n
− βn2 − 2βnr − 2βr)+ 2r sinh2(r)(αm (4m2 − 11m+ 7) 2m+n(r0sech2(r) coth(r0)
r
)m+n
+ 4r tanh(r)
(
α(m− 1)2m2m+n
(
r0sech
2(r) coth(r0)
r
)m+n
+ βn3 + 2βn2 + βn
)
+ 4βn3
+ 11βn2 + 7βn
)
+ αm
(
m2 + 1
)
2m+n sinh(2r)
(
r0sech
2(r) coth(r0)
r
)m+n)
+ 4r2 (r
×
(
2 sinh2(r)
(
α(m− 1)2m2m+n
(
r0sech
2(r) coth(r0)
r
)m+n
+ βn3 + 2βn2 + βn
)
+ α(m− 1)m
× (−2m+n)(r0sech2(r) coth(r0)
r
)m+n
+ βn2 + βn
)
+ 3βn sinh(r) cosh(r)
)
+ 2r cosh2(r)
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×
(
α(m− 1)2m2m+n
(
r0sech
2(r) coth(r0)
r
)m+n
+ βn3 + 2βn2 + βn
))
+ r0
2(sinh(2r)
− 2r)sech2(r) coth(r0)
]
(34)
ρ− |pr| = 1
4r2r0
[
− 22−n cosh2(r)(2r tanh(r) + 1) tanh(r0)(r − r0 tanh(r) coth(r0))
×
(
r0sech
2(r) coth(r0)
r
)−n(
α(m− 1)m (−2m+n)(r0sech2(r) coth(r0)
r
)m+n
+ βn2
+ βn)− 2−nr0(2r tanh(r) + 1)(r − sinh(r) cosh(r))
(
r0sech
2(r) coth(r0)
r
)−n
×
(
α(m− 1)m (−2m+n)(r0sech2(r) coth(r0)
r
)m+n
+ βn2 + βn
)
− 2rr0 (α2mmr
×
(
r0sech
2(r) coth(r0)
r
)m
+ β2−nnr
(
r0sech
2(r) coth(r0)
r
)−n
+ 2r0sech
2(r) coth(r0)
)
+ 2r0
(
α2mmr
(
r0sech
2(r) coth(r0)
r
)m
+ β2−nnr
(
r0sech
2(r) coth(r0)
r
)−n
+ 2r0sech
2(r)
× coth(r0)) + 2rr0
(
α2mr
(
r0sech
2(r) coth(r0)
r
)m
− β2−nr
(
r0sech
2(r) coth(r0)
r
)−n
+ 2r0sech
2(r) coth(r0)
)
+ α2m+2(1−m)m tanh(r0)
(
cosh2(r) + r(−2r + sinh(2r)
+ +r cosh(2r))) (r − r0 tanh(r) coth(r0))
(
r0sech
2(r) coth(r0)
r
)m
+ α2m+1(m− 2)
× (m− 1)m tanh(r0)(2r sinh(r) + cosh(r))2(r0 tanh(r) coth(r0)− r)
(
r0sech
2(r) coth(r0)
r
)m
+ β22−nn(n+ 1) tanh(r0)
(
cosh2(r) + r(−2r + sinh(2r) + r cosh(2r))) (r − r0 tanh(r)
× coth(r0))
(
r0sech
2(r) coth(r0)
r
)−n
+ β21−nn(n+ 1)(n+ 2) tanh(r0)(2r sinh(r)
+ cosh(r))2(r0 tanh(r) coth(r0)− r)
(
r0sech
2(r) coth(r0)
r
)−n ]
−
∣∣∣∣∣ 1r3r0
[
2−n−1
(
r0sech
2(r) coth(r0)
r
)−n(
r0
(
αm2r2m+n sinh(2r)
(
r0sech
2(r) coth(r0)
r
)m+n
− 4r2 sinh2(r)
(
α(m− 1)m (−2m+n)(r0sech2(r) coth(r0)
r
)m+n
+ βn2 + βn
)
− αr32m+n
12
×
(
r0sech
2(r) coth(r0)
r
)m+n
+ αmr32m+n
(
r0sech
2(r) coth(r0)
r
)m+n
+ βnr3 − 2n+1r0
× tanh(r) coth(r0)
(
r0sech
2(r) coth(r0)
r
)n
+ βr3
)
+ 2r2 cosh2(r) tanh(r0) (α(m− 1)m
× (−2m+n)(r0sech2(r) coth(r0)
r
)m+n
+ βn2 + βn
)
+ r sinh(r) cosh(r) tanh(r0)
(
4r2
×
(
α(m− 1)m (−2m+n)(r0sech2(r) coth(r0)
r
)m+n
+ βn2 + βn
)
− r0 coth(r0)
(
3αm2m+n
×
(
r0sech
2(r) coth(r0)
r
)m+n
+ 2βn2 + 3βn
)))]∣∣∣∣∣ (35)
ρ− |pt| = 1
4r2r0
[
− 22−n cosh2(r)(2r tanh(r) + 1) tanh(r0)(r − r0 tanh(r) coth(r0))
×
(
r0sech
2(r) coth(r0)
r
)−n(
α(m− 1)m (−2m+n)(r0sech2(r) coth(r0)
r
)m+n
+ βn2
+ βn)− 2−nr0(2r tanh(r) + 1)(r − sinh(r) cosh(r))
(
r0sech
2(r) coth(r0)
r
)−n
×
(
α(m− 1)m (−2m+n)(r0sech2(r) coth(r0)
r
)m+n
+ βn2 + βn
)
− 2rr0 (α2mmr
×
(
r0sech
2(r) coth(r0)
r
)m
+ β2−nnr
(
r0sech
2(r) coth(r0)
r
)−n
+ 2r0sech
2(r) coth(r0)
)
+ 2r0
(
α2mmr
(
r0sech
2(r) coth(r0)
r
)m
+ β2−nnr
(
r0sech
2(r) coth(r0)
r
)−n
+ 2r0sech
2(r)
× coth(r0)) + 2rr0
(
α2mr
(
r0sech
2(r) coth(r0)
r
)m
− β2−nr
(
r0sech
2(r) coth(r0)
r
)−n
+ 2r0sech
2(r) coth(r0)
)
+ α2m+2(1−m)m tanh(r0)
(
cosh2(r) + r(−2r + sinh(2r) + r cosh(2r)))
× (r − r0 tanh(r) coth(r0))
(
r0sech
2(r) coth(r0)
r
)m
+ α2m+1(m− 2)(m− 1)m tanh(r0)(2r sinh(r)
+ cosh(r))2(r0 tanh(r) coth(r0)− r)
(
r0sech
2(r) coth(r0)
r
)m
+ β22−nn(n+ 1) tanh(r0)
(
cosh2(r)
+ r(−2r + sinh(2r) + r cosh(2r))) (r − r0 tanh(r) coth(r0))
(
r0sech
2(r) coth(r0)
r
)−n
13
+ β21−nn(n+ 1)(n+ 2) tanh(r0)(2r sinh(r) + cosh(r))2(r0 tanh(r) coth(r0)− r)
×
(
r0sech
2(r) coth(r0)
r
)−n ]
−
∣∣∣∣∣ 14r3r0
[
2−nr tanh(r0)
(
r0sech
2(r) coth(r0)
r
)−n (
sinh(r) cosh(r)
(
4r2
(
αm
(
2m2 − 5m
+ 3) 2m+n
(
r0sech
2(r) coth(r0)
r
)m+n
+ 2βn3 + 5βn2
)
− r0 coth(r0)
(−5αm22m+n
+
(
r0sech
2(r) coth(r0)
r
)m+n
+ 2βn3 + 5βn2 + 2βn
))
− r0 coth(r0)
(
r
(
αm22m+n
×
(
r0sech
2(r) coth(r0)
r
)m+n
+ 2r tanh(r)
(
α(m− 1)m (−2m+n)(r0sech2(r) coth(r0)
r
)m+n
+ βn2 + βn
)
+ αr2m+n+1
(
r0sech
2(r) coth(r0)
r
)m+n
− αmr2m+n+1
(
r0sech
2(r) coth(r0)
r
)m+n
− βn2 − 2βnr − 2βr)+ 2r sinh2(r)(αm (4m2 − 11m+ 7) 2m+n(r0sech2(r) coth(r0)
r
)m+n
+ 4r tanh(r)
(
α(m− 1)2m2m+n
(
r0sech
2(r) coth(r0)
r
)m+n
+ βn3 + 2βn2 + βn
)
+ 4βn3
+ 11βn2 + 7βn
)
+ αm
(
m2 + 1
)
2m+n sinh(2r)
(
r0sech
2(r) coth(r0)
r
)m+n)
+ 4r2 (r
×
(
2 sinh2(r)
(
α(m− 1)2m2m+n
(
r0sech
2(r) coth(r0)
r
)m+n
+ βn3 + 2βn2 + βn
)
+ α(m− 1)m
× (−2m+n)(r0sech2(r) coth(r0)
r
)m+n
+ βn2 + βn
)
+ 3βn sinh(r) cosh(r)
)
+ 2r cosh2(r)
×
(
α(m− 1)2m2m+n
(
r0sech
2(r) coth(r0)
r
)m+n
+ βn3 + 2βn2 + βn
))
+ r0
2(sinh(2r)
− 2r)sech2(r) coth(r0)
]∣∣∣∣∣ (36)
4 Results & Discussion
The geometrical properties of wormholes are dependent on the shape function. In literature, vari-
ous shape functions are defined and wormhole structures are analyzed. The null energy condition
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(a) ρ+ pr (b) ρ− |pr|
(c) 4 (d) ω
Figure 1: Case 1: Plots for one NEC term, one DEC term, 4 & ω with f(R) = R
(NEC) is defined for any null vector as NEC ⇔ Tµνkµkν ≥ 0, in terms of the principal pressures
NEC ⇔ ∀i, ρ + pi ≥ 0. So, in this case we need to check ρ + pr and ρ + pt. The weak energy
condition (WEC) is defined for any timelike vector as WEC ⇔ TµνV µV ν ≥ 0. WEC says that
the energy density measured by any timelike observer should be positive locally. Therefore, it is
physically important. In terms of the principal pressures WEC ⇔ ρ ≥ 0; and ∀i, ρ + pi ≥ 0.
So, we will examine ρ, ρ + pr and ρ + pt. The dominant energy condition (DEC) is defined for
any time like vector DEC ⇔ TµνV µV ν ≥ 0, and TµνV µ is not space like. This says that the
energy density is always positive locally, and that the energy flux is time-like or null. The domi-
nant energy condition implies the null energy condition, but does not necessarily imply the strong
energy condition. In terms of the principal pressures DEC ⇔ ρ ≥ 0; and ∀i, pi ∈ [−ρ, + ρ].
For the model undertaken, we need to analyze the terms ρ − |pr| & ρ − |pt|. In this paper, the
shape function b(r) = r0 tanh(r)
tanh(r0)
is chosen to explore the wormhole solutions in the background of
f(R) gravity with the function f(R) = R + αRm − βR−n, where α, β, m & n are real numbers.
Different cases are considered according to the values of the parameters in function f(R) and in
each case, null, weak & dominated energy conditions, equation of state and anisotropy parameters
are calculated.
Case-1: α = 0 & β = 0, i.e. f(R) = R, general relativity case. In this case, the energy density
ρ is found to be a positive function of radial coordinate. The first null energy condition term ρ+pr
is found to be negative, while second null energy condition term ρ+ pt is obtained to be positive.
The dominated energy condition terms ρ − |pr| & ρ − |pt| are also obtained to be negative. This
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(a) ρ (b) ρ+ pr (c) ρ+ pt
(d) ρ− |pr| (e) ρ− |pt| (f) 4
(g) ω (h) ρ+ pr (i) ρ− |pr|
Figure 2: Case 2: Plots for Density, NEC, DEC, 4 & ω with f(R) = R + αRm
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(a) ρ (b) ρ+ pr (c) ρ+ pt
(d) ρ− |pr| (e) ρ− |pt| (f) 4
(g) ω (h) ρ+ pr (i) ρ− |pr|
Figure 3: Case 3: Plots for Density, NEC, DEC, 4 & ω with f(R) = R− βR−n
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(a) ρ (b) ρ+ pr (c) ρ+ pt
(d) ρ− |pr| (e) ρ− |pt| (f) 4
(g) ω (h) ρ+ pr (i) ρ− |pr|
Figure 4: Case 4: Plots for Density, NEC, DEC, 4 & ω with f(R) = R + αRm − βR−n
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shows that the null, weak and dominated energy conditions are violated (Figs. 1(a), 1(b)). Hence,
it is confirmed that the wormhole is filled with exotic matter. The anisotropy parameter (4) is
come out be a positive function of r (Fig. 1(c)) This indicates that the geometry is repulsive. The
equation of state parameter (ω) is found to possess values less than -1 for every r which shows the
presence of phantom fluid (Fig. 1(d)). Hence, we could say that the presence of exotic matter is
a necessary condition for the existence of wormhole solutions in general relativity with hyperbolic
shape function.
Case-2: β = 0, i.e. f(R) = R + αRm, where α and m are real numbers. First, the results are
computed for α > 0 with the variation of m. For m ∈ (−∞, 0] ∪ [2.2,∞), the energy density is
obtained to be positive with the variation of radial coordinate r and else it is negative. The first
null energy condition term ρ+pr is obtained to be positive for m < 0 and negative for m ≥ 0. The
second null energy condition term ρ + pt is obtained to be positive for m ∈ (−∞, 0] ∪ [1,∞) and
negative for m ∈ (0, 1). Further, the first dominated energy condition term is positive for m < 0
and negative for m ≥ 0. The second dominated energy condition term is positive for m ≤ 0 and
negative for m > 0. Thus, null, weak and dominated energy conditions are satisfied throughout
for m < 0 (Figs. 2(a)-2(e)), whereas the all energy conditions are violated for m ≥ 0 (Figs. 2(h),
2(i)). Secondly, we obtained the results for α < 0 with the variation of m. The energy density
is found to be positive with the increment of r for m ∈ (0,∞) − {1}. The terms ρ + pr, ρ − |pr|
and ρ − |pt| are obtained to be positive for m ∈ (0, 1) and ρ + pt is found positive for m > 0.
throughout. Hence, the model f(R) = R + αRm with (i) α > 0, m < 0 & (ii) α < 0, m ∈ (0, 1)
confirms the existence of wormhole geometry without violating NEC, WEC and DEC. Therefore,
we conclude that the non-exotic matter could support the existence of wormhole solutions in par-
ticular f(R) = R + αRm model for (i) α > 0, m < 0 & (ii) α < 0, m ∈ (0, 1). However, the all
energy conditions are violated otherwise. Hence the parameter m play as an important role in this
particular model for violation and non-violation of energy conditions. Subsequently, for α > 0,
the anisotropy parameter is observed to be negative for m < 0 (Fig. 2(f)) and positive for m ≥ 0.
For α < 0, it is negative for m ∈ (0, 1) and positive for m ∈ (−∞, 0] ∪ [1,∞). Further, for α > 0,
the equation of state parameter ω lies between -1 and 0 (Fig. 2(g)) and ω is positive for m ≤ 1
and 1 < m ≤ 2 respectively, which indicates that the presence of non-phantom fluid in wormhole
geometry for m < 0. For α < 0, −1 < ω < 0 and ω < −1 for m ∈ (0, 1) and m ∈ (−∞, 0]∪ [1,∞)
respectively, which indicates that the presence of non-phantom fluid in wormhole geometry for
m ∈ (0, 1). However, ω < −1 for (i) α > 0, m ≥ 2 & (ii) α < 0, m ∈ (0, 1) which indicates that
the presence of phantom fluid in wormhole geometry.
Case-3: α = 0, i.e. f(R) = R − βR−n, where β and n are real numbers. Let β > 0 and n
be any real number. Then, the energy density is found to be a positive function of r for n < 0.
However, the energy density is found to be negative for n > 0, which indicates the presence of
exotic matter. The first null energy condition term is positive for every r > 0 when −1 < n ≤ 0
and else it is negative. The second null energy condition term is positive for r > 2.6 & n ≤ 0 and
negative otherwise. Both first and second dominated energy condition terms are obtained to be
positive for every r > 0 and −1 < n ≤ 0. Thus, null, weak and dominated energy conditions are
satisfied for −1 < n ≤ 0 (Figs. 3(a)-3(e)) and violated for n ≤ −1 or n > 0 (Figs. 3(h)-3(i)). The
anisotropy parameter is obtained to be positive for n ≤ −1 and negative for n > −1 (Fig. 3(f)).
The equation of state parameter is found to be less than -1 for n ≤ −1 and lies between -1 and 0
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for n > −1 (Fig. 3(g)). Thus, in this case, for −1 < n ≤ 0, wormhole solutions with attractive
geometry exist without any violation of energy conditions. Now, we assume that β < 0 and n is
any real number. Then ρ, ρ+ pt & ρ− |pt| are positive for n ≥ 0 and ρ+ pr & ρ− |pr| are positive
for n > 0. Thus, null, weak and dominated energy conditions are satisfied for n > 0 and violated
for n ≤ 0. Now, for n > 0, 4 < 0 and for n ≤ 0, 4 > 0. For n > 0, −1 < ω < 0 and for n ≥ 0,
ω < −1. Hence, the wormhole structure with attractive geometry exists without presence of exotic
matter and phantom fluid for β < 0 and n > 0. Consequently, the model f(R) = R − βR−n is
significant with (i) β > 0, −1 < n ≤ 0 & (ii) β < 0, n > 0.
Case-4: α 6= 0 & β 6= 0, i.e. f(R) = R + αRm − βR−n.
Subcase (i): α > 0, β > 0. In this subcase, the energy density and null & dominated energy
condition terms are positive if m < 0 & n < −m. In this range of m and n,4 < 0 and −1 < ω < 0.
Subcase (ii): α > 0, β < 0. In this subcase, the energy density and null & dominated energy
condition terms are positive under the following ranges of parameters m & n: (a) m > 0, n > 0,
(b) m ≤ −1, n ≥ 0 and (c) −1 < m < 0, ∀n. For these ranges 4 < 0 and −1 < ω < 0.
Subcase (iii): α < 0, β > 0. In this subcase, the energy density and null & dominated energy
condition terms are positive under the following ranges of parameters m & n: (a) 0 < m < 1,
n ≤ 0 and (b) m ≥ 1, −1 < n < 0. For these ranges also 4 < 0 and −1 < ω < 0.
Subcase (iv): α < 0, β < 0. In this subcase, the energy density and null & dominated energy
condition terms are positive under the following ranges of parameters m & n: (a) m = 0, n > 0,
(b) m ≥ −1, n > 0, (c) 0 < m < 1, n < −m, (d) 0 < m < 1, n ≥ 0 and (e) m < 0, n > −m.
For these ranges 4 < 0 and −1 < ω < 0. In this case, the results are plotted only for subcase
(i) taking m = −5. Figs. (4(a)-4(g)) show the satisfaction of energy conditions and presence of
attractive geometry with non-phantom fluid. However, in Figs. (4(h),4(i)) the violation of energy
conditions is shown taking m positive, in particular m = 5 is taken here.
Thus, we analyze that the results obtained in Cases 2-4 are completely different from those
obtained in Case 1. For each case, we are interested in the ranges of parameters where energy
conditions are satisfied. These ranges are summarized in the table below:
5 Conclusion
The modified gravity which naturally merges two expansion phases of the Universe: inflation at
early times (rapid expansion) and cosmic acceleration at the current epoch. The higher derivative
terms with positive power of curvature are dominant at the early universe providing the infla-
tionary stage. The terms with negative power of curvature serve as a gravitational alternative
for dark energy making possible the cosmic speed-up. Moreover, it may pass the simplest solar
system constraint for scalar-tensor gravity equivalent to original modified gravity. Clearly, more
investigation of this theory should be needed in order to conclude whether the model is a realistic
one or not.
In this paper, static traversable wormholes are investigated by using a hyperbolic shape func-
tion in terms of radial coordinate. The Einstein’s field equations derived in the framework of f(R)
gravity are used to obtain the wormhole solutions. To find the exact solution, the well known form
of the function f(R) defined as f(R) = R+αRm−βR−n is taken [80] into account. Depending on
the values of α, β, m and n, the energy conditions, anisotropic parameter and equation of state
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Table 1: Range of parameters in f(R) = R+αRm−βR−n, where NEC, WEC & DEC are satisfied
S. No. Range of parameters
1. α > 0, β = 0, m < 0, ∀n
2. α < 0, β = 0, m ∈ (0, 1), ∀n
3. α = 0, β > 0, ∀m, −1 < n ≤ 0
4. α = 0, β < 0, ∀m, n > 0
5. α > 0, β > 0, m < 0, n < −m
6. α > 0, β < 0, m > 0, n > 0
7. α > 0, β < 0, m ≤ −1, n ≥ 0
8. α > 0, β < 0, −1 < m < 0, ∀n
9. α < 0, β > 0, 0 < m < 1, n ≤ 0
10. α < 0, β > 0, m ≥ 1, −1 < n < 0
11. α < 0, β < 0, m = 0, n > 0
12. α < 0, β < 0, m ≥ 1, n > 0
13. α < 0, β < 0, 0 < m < 1, n < −m
14. α < 0, β < 0, 0 < m < 1, n ≥ 0
15. α < 0, β < 0, m < 0, n > −m
parameter are determined in four cases. It is found that the energy conditions, namely null energy
condition, weak energy condition and dominated energy condition are satisfied in each case except
GR case. In GR case, geometry is repulsive and filled with phantom fluid, while in all other cases
of f(R) gravity, the geometric nature is attractive and filled with like non-phantom fluid for some
range of α, β, m and n. Thus, the existence of wormhole solutions is possible without violation of
energy conditions using f(R) theory of gravity. This represents the significance of the framework
of modified theory of gravity. Thus, all the conditions for the existence of wormhole geometries
are fully satisfied and strongly confirm their presence in the universe.
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